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Abstract
The explicit formulas for the sums of positive powers of the integers s; unrepresentable

by the triple of integers dj, da,ds € N, ged(dy,ds,d3) = 1, are derived.

Let S(dy,...,d,) be the semigroup generated by a set of integers {ds, ...,d,,} such that
l<dy<...<dp, ged(dy,...,dn)=1. (1)
For short we denote the tuple (dy,...,d,,) by d"™ and consider the generating function ® (d™; z)
O (d™;2) = Z 2% =z 422 4 .. 4 0™ (2)

s; € A(d™)

for the set A (d™) of the integers s which are unrepresentable as s = Z;Zl 7y, v; € NU{0}

The integer G (d™) is known as the genus for semigroup S (d™). Recall the relation of ® (d™; z)
with the Hilbert series H(d™;z) of a graded monomial subring k [z, ..., 2%"] [1]

1 dm.
T where H(d™;z) = Z 2= 752((1 ’_Zidj) ; (4)

H(d™;z)+ ®(d™;2) =
s€S(dm) Hj:l




and Q(d™; z) is a polynomial in z. The calculation of the power sums

gn (d™) = Z s;' (5)

si € A(d™)
was performed in [2] for m =
1 S 2\ 2k B
. d2 _ B Bdn+1—kdn+1—l _ Pntl 6
(&) = G DT & (")) e

where By, are the Bernoulli numbers. The formula (6) generalizes the known Sylvester’s expression

3] for G (d?) = go (d?) and further results for n =1 [4] and n = 2,3 [5]

g (d*) = %(dl —1)(d2— 1),

g1 (d?) = %d{z) (2dydy — dy —dy — 1),

g (@2) = & <6d2> dyds(dyds — di — ds)

g3 (d%) = 906(on> [(1+di)(1+d2) (14 d} +d5 + 6d7d3) — 15d1da(dy + da)] -

As for higher dimensions, m > 3, the first two sums, go (d®) and g; (d?), were found in [5]. The
use was made of the explicit expression for the Hilbert series H(d?;z) of a graded subring for
semigroups S (d?) which was recently established [5].

In this paper we derive the formula for the power sum g, (d?) related to the symmetric and
non-symmetric semigroups S (d?). This will be done by applying to the relation (4) an approach
based on the generating function of the Bernoulli polynomials of higher order.

Following Johnson [6] recall the definition of the minimal relations for given d® = (dy, d, d3)

andy = aqods + ar3ds ,  agds = asidy + agsds ,  assds = agidy + agady ,  where  (7)
@1; = min {Un | vi1 > 2, vindy = viads + v13d3, V12,013 € NU {0}} )
Q9o = min {vey | vag > 2, voady = va1dy + vozds, Va1, ve3 € NU{0}} (8)

agz = min {vsg | v3z > 2, vgsds = vg1dy + vaady, v31,v32 € NU{0}} .
The auxiliary invariants a,; are uniquely defined by (8) and

ng(@n,aw,aw) =1, ng(azhCLQz,Gz?,) =1, gcd(a31,a32,a33) =1. (9)



According to [5] the numerator of the Hilbert series for non-symmetric semigroups S (d?) reads
3

Q(d3;z) - 1_ Zzaiidi + Z1/2[(a,d>—J(d3)] i Z1/2[<a,d>+J(d3)}
i=1

3 3
J2 (d3) = <a, d>2 —4 Z aiiajjdidj + 4d1d2d3 s <a, d> = Z audz . (11)
i=1

1>]

,  where (10)

The case of symmetric semigroups S (d?) is much simpler. Here two off-diagonal elements in one
column of the matrix a;; vanish, e.g. a;3 = as3 = 0 that results in a;1d; = agads. The numerator

of the Hilbert series for symmetric semigroups S (d?) with above symmetry is given by
Qs(d?; 2) = (1 — 292292 (1 — poms) (12)

Move on to calculation of the power sums g, (d*). First, denote z = e’ and represent (4) as follows

1 Q(d% ¢")

esit = — , (13)
. ezAj(dg) 1—et (1 —eht)(1—edt)(1— edt)
and apply the sequence of identities
sngn tn h e N
2. ¢ -y st =2 on (d) - (14)

s; € A(d3) s; € A(d3) k= ! k=0 T s; € A(d3) n=0
Thus, g, (d®) could be found by expanding the right hand side of (13) in the power series.

To present the result in compact form we use a definition [7] of the Bernoulli polynomials of

higher order

et 1 o tn—m m
_— = — —— B (g|d™ = || d, 15
T =1 o oGl ma=]] (15)
satisfying the recursion relation
m m — (n m—1 m— n x
B ala) =3 (0 ) 8,50, Vala ). B (el = a5, (5) (16)

p=0
where B, (z) denotes the regular Bernoulli polynomial. Because each term in the right hand side
of (13) has the form of the left hand side of (15), it is easy to write the answer as sum of the
Bernoulli polynomials of higher order.

First, contribution of the term 1/(1 — z) to g, (d?) is found trivially

1 Ootn—l a oo n—
= — BW(0|1) = 17
1—et %n! (0f1) %n—l'n’ (17)



so that the corresponding term in g, (d?) is —B,,,1/(n + 1). Consider a general term for n = 3

[e%s) _
etx 1 $n 3

_ (3) 3
(1— eht)(1 — e®) (1 — edst)  didads nZ:O o BY (z|d?), (18)

thus its contribution to g,(d?®) reads:

n!

(n + 3)‘ d1d2d3

g(z;d%) = s (x]d?). (19)

The Bernoulli polynomial of higher order B (x\d?’) can be expanded into the triple sum over

the Bernoulli numbers

n+3 J
n—+3 k —1 jj—k m+3—j
Yy(ald®) = ( )(k) (l)dlf 'y dy " BBy Bus e, (20)
=0 1=

7=0 k
which for £ = 0 reduces to the double sum

n+3 J

n+3 "
B,l5(0]d%) = ZZ( >( )dkdj I BBk Bass ;. (21)

7=0 k=0
The expression for g,(d?) for the non-symmetric semigroups has the form

. Bn+1 n n!
n+1 (n+3)‘ dlde

By (assds|d®) + B (172 [(a d) — 7 ()] ) + B (1/2 [(a,d) + 7 (d)] )]

|B,018%) = B (andi|d) — B y(and|d®)~  (22)

In case of the symmetric semigroups we obtain

B n!
()(%) = — =t |B4(01a%) = B, (amdald?) — By (agds|d”
g, (d”) el (01 3)1 dodads ni3(01d”) = By ls(ands|d”) — B, s(assds|d”)+

B,r(EgS(aQQdQ + a33d3|d3) . (23)

Thus, for the symmetric semigroup S(d?) the first three sums read

20(d®) = 1—sq+(ad), sq= Zdi, (a,d) = (a,d) — anid; , (24)
1209(d%) = <sd - <a,Nd>) ( sq—2(a d)) 4 (dudy + dydy + daody) — 7q — 1, (25)
129(d%) = (54— (a,d)) (sd(a, d) — (a,d)2 — (dyds + dids + dods) +7rd> . (26)



In the non-symmetric case we obtain:

Qgén) (d3> = 1- Sq — Tq + <a7 d> ) Tq = (11022033 , <27>

3
129177,) (ds) = <a, d> (2<a, d> — 33d — 27Ta) + Sd(Sd + 37Ta) — Z aiiajjdidj +
i#j
(dldg + dldg + dgdg) + g — 1 (28)

Tq

12657 (d*) = ZA [QA + 1)} — 5 (A + 20} + mad, + 5 (24, +1)} +

3
3 [(Jz-jdfdj - %Bijdidj -

3,j=1

d
< Fi| (29)

where
Ai = U;; — 1 s Bij = AZAJ — Az — Aj s Cij = AZ(AIA] — Az — 1) s Fij = AZ(QAJ + 1) .

We finish the paper with a compact version of (6) through the Bernoulli polynomials of higher

orders
gu(d?) = —nL ! (B, (0]d?) — B, (dyda|d?)] (30)
n+1 didy(n+1)(n+2)" " s ’
where
n+2 J n+2
), (x]d?) = ZZ( )( )dj "dy I B_yBpya_jz" (31)
7=0 k=0
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