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Abstract

The convective Cahn—Hilliard (CCH) equation,+ (., + u — u%),. — (D/2)(?), = 0, has been suggested recently for the
description of several physical phenomena, including spinodal decomposition of (driven) phase separating systems in an external
field, instability of steps moving on a crystal surface, and faceting of growing, thermodynamically unstable surfaces. In this paper
the dynamics of domain walls (kinks) governed by the convective Cahn—Hilliard equation is studied by means of asymptotic and
numerical methods. A special attention is paid to the dynamics of kink pairs and triplets that play crucial role in the coarsening
(Ostwald ripening) process. For the driving paramétet Do = +/2/3 and large distance between the kinkss 1, analytical
formulas are found that describe the motion of the kink pairs and triplets. The analytical formulas are in excellent agreement
with the results of direct numerical simulations of CCH equation. They explain the logarithmically slow coarsening observed for
the kink dynamics governed by CCH equation when the distances between the kinks become large, unlike the fast coarsening
for moderate distances between the kinks at intermediate stages.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

The dynamics of domain walls (hamed also kinks) between different broken-symmetry phases plays the crucial
role in the transition from a disordered phase to an ordered phpard in the development of the spatial chf2js
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In potential systems, characterized by a monotonically decreasing Lyapunov (free energy) functional, the evo-
lution leads to an equilibrium state with the minimum number of domain walls, since they have some excess free
energy. The dynamics of domain walls is rather different in systems without and with a conservatiGh. law
systems without a conservation law, the typical dynamics is governed by the Allen—Cahn effijafitie domain
walls move towards each other and annihilate, so that the characteristic length of the domains grow with time
(coarsening). In systems with a conservation law, the evolution is typically described by the Cahn—Hilliard equation
[1]. In this case, the mutual motion of domain walls is complicated by the conservation law, and the coarsening
takes place through a collective motion of kink aggregates rather than individual[Rinkse the case of a (1D)
Cahn—Hilliard equation, the interaction of kinks exponentially decays with the distance between them so that the
coarsening rate is logarithmically sldv.

If a system is not potential, the evolution does not generally lead to the state characterized by the minimum
value of the free energy. Under some conditions the final state contains a finite number of defects, i.e. some
ordered or disordered patterns are formed. The latter phenomenon takes place when the domain walls have
oscillating tails[2]. In strongly non-potential systems, e.g. like those governed by the Kuramoto—Sivashinsky
equation[5], the spatio-temporal chaos characterized by a spontaneous creation and annihilation of defects, is
developed.

Recently, a non-potential modification of the Cahn—Hilliard equation¢ctimeectiveor driven) Cahn—Hilliard
equation(CCH),

D
ur + (uxx +u— u3)xx - E(uz)x =0, (1)

was suggested for the description of several physical phenomena, namely spinodal decomposition of phase sep:
rating systems in an external fiel@-8], step instability on a crystal surfa¢@], as well as faceting of growing,
thermodynamically unstable surfaces under non-equilibrium condifidisl 5] A similar equation describes also
dewetting of a thin liquid film flowing down a slightly inclined plafi5,17] The regular Cahn—Hilliard equation
corresponds to the cade = 0, while the Kuramoto—Sivashinsky equation is obtained in the lini> oo by

the transformatiom — u/D [13]. It was found in[13] that the coarsening dynamics described by the convective
Cahn—Hilliard equation is strongly influenced by the asymptotic behavior of kink tail3.3f Dy = +/2/3, the

kinks have oscillating tails, that leads to the development of ordered or disordered, spatially non-uniform struc-
tures, in accordance with the arguments givefRin(see als49]). For D < Dy = +/2/3, the tails are monotonic,

and the solutions of Eq1) exhibit coarsening governed by the interaction between the kinks and their collective
motion.

When the characteristic distance between the kibkss large, the kink dynamics can be studied analytically.
Emmott and Bray8] considered the limiDL « 1 and suggested some model equations for the motion of kinks.
They found that a pair of kinks (kink—antikink pair) performs a collective motion with a velocity determinBd by
andL, that leads tdastcoarsening such thdt ~ /2, However, direct numerical solution of E¢{.) performed
in [13] showed that the fast coarsening regime exhibits the crossover to a logarithmically slow coarsening for
sufficiently largeL, which is typical of the standard Cahn—Hilliard equation. Watson €ft14]. explained this
crossover for the case whed « 1 and the producDL is arbitrary, and derived the equations of motion for
kinks by means of the asymptotic analysis. The analysis presentdd]imevealed the important role diink
triplets where a negative kink (“antikink”) situated in the middle of the triplet attracts two positive kinks on
its both sides, eventually leading to simultaneous annihilation of the triplet and the formation of a new positive
kink.

In the present paper, we investigate the dynamics of kinks governed by the CCH equadidnitfary 0 < D <
Dy in the case when the distances between the kinks are large,l. The results of the asymptotic analysis are
justified by numerical simulations. In Secti@nwe discuss the individual kinks and show that the stable antikink
is unique and motionless, while the moving kinks form a two-parameter family of solutions. SeXtiolsdare
devoted to the consideration of pairs and triplets of kinks, respectively.
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2. Constant solutions and kinks
We shall start the investigation of the kink dynamics governed by Bavith the consideration of its simplest
solutions. Without loss of generality, we assuie- 0.
First, let us note that any constant= Uy is a solution of Eq(1). In order to study the linear stability of this
solution, linearize Eq(1),
u = Ug + ii(x) €,

and find the eigenfunctions and the eigenvalues:

i(x) =€, oo(k) = (1 — 3URK? — k* — ikDUL. 2)
Obviously, the constant solutions are linearly stable if
1
Ugl > —. 3
|Uol 7 3)

Let us consider now traveling wave solutions,
u="U(X), X=x-—vt v=const (4)

Substituting(4) into (1) and integrating once with respect Xp one obtains the following ordinary differential
equation:

D
Uxxx +(U = Uy —oU = U2 =—J, —00 <X <00, (5)

wherel s the integration constant. E¢p) has different kinds of solutions, e.g. periodic or quasiperiodic ones. Here
we considetheteroclinicsolutions (“domain walls” or “kinks”) that connect two critical points of the dynamical

system(5):

v v\2 2J
U=Us=-2%\(5) + 5 (6)
J > —v?/2D. Note that in the case = 0, U_ = —U... Depending on the boundary conditions, the heteroclinic

solutions can be of two types:
positive kinkswith

U(+o0) = Uy, (7)
andnegative kinksor antikinks with
U(400) = Us. (8)

Later on, we shall consider only the case with.| > 1/+/3, i.e. when both constant solutiotis= U.,. are stable.
In order to investigate the asymptotics of the heteroclinic solutions-at+oo, linearize Eq.(5) around the
constant solutiond/ = Uy,

UX)=Ug + Ue¥X, )
to obtain the following equation for the eigenvalues

i — (3U2 — 1) — (v+ DUL) = 0. (10)
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Fig. 1. A diagram of the stable and unstable manifolds of stationary points ¢bJand heteroclinic solutions corresponding to positive and
negative kinks.

Depending on the sign @ = —[(3U% — 1)/3]3 + [(v + DU+)/2]?, two cases are possible: (i) for < 0 all roots
of Eq.(10), «;, j = 1,2,3, are real; (i) foQ > 0 one root is real and two other roots are complex conjugate. In the
case (i), the kinks have oscillatory tails, and one can expect the development of ordered or disordered structures
rather than a system of kinf&,13]. In the present paper we consider the case (i), when the system evolution is
determined by the motion of kinks.

Sincex1 + k2 + k3 = 0, the rootsc; cannot have the same sign. Taking into account that

K1kok3 = v+ DUy = £V 02 + 2DJ

is positive forU = U, and negative fot/ = U_, one concludes that in the former case two eigenvalues are negative
and one eigenvalue is positive, while in the latter case two eigenvalues are positive and one eigenvalue is negative. |
other words, for the critical poitt = U, (U = U_) the unstable manifolVY(U, ) (the stable manifoldvVS(U_))
is one-dimensional, while the stable maniféif(U.) (the unstable manifoléV"(U_)) is two-dimensional.

According to its definition, the kink corresponds to a trajectorwbn= W"(U_) N WS(U..), while the antikink
is situated o_ = WH4(U,) N WS(U-), sedFig. 1 Inthe former caséy/ ., is an intersection of two two-dimensional
manifolds in a three-dimensional space, which is generic and exists in a certain region in the parameter gpace (
A particular kink solution can be written explicitly,

U(X)—CtanhC(X—X) C= 1+D Xo = const
— ﬁ 0)s - ﬁ’ 0=

forv =0, J = DC?/2, but a two-parameter family of kinks exists for certain intervals afidJ values. For fixed
values ofU_ andU,, the velocity of the kink is calculated to be

D
V= —E(U_ + U+)

An antikink can exist only if the trajectoryY(U..) reaches the vicinity of the poieif_ exactly along the trajectory
WS(U_) (seeFig. 1). Such event has a codimension 2 in the parameter space. Therefore, one can expect that the
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antikink exists for isolated values of,(/). Indeed, there exists a solutfon

U= AtanhA(X Xo), A= 1 b Xo = const (11)
— ﬁ 0)s - \/E! 0=

forv=0,J = DA?/2.
Note that forv = 0, U1 = A the roots of the cubic equati¢thO) are described by simple formulas,

A+ B A—B
Kl =F——, kp=F——, k3==+AV2, 12
1=F Nz 2=F /2 3 (12)
whereA is defined by Eq(11), and
3D
B= [1-—. 13
NG (13)

All three roots are real iD < Do = +/2/3.

3. Antikink—kink pairs

Let us consider now the interaction of distant kinks. Since this interaction is expected to decrease exponentially
with the distance between the kiniksl], the dynamics is typically determined by the pair of the closest kinks, while
the motion of other kinks is negligible compared with the motion of this pair. In the present section, we consider
a kink pair described by Bomoclinic solutiotf U = Un(X) (X = x — vt, v = const), of the dynamic syste(B),
that satisfies the boundary condition

U(—00) = U(+00) = Us.. (14)

Note that if U = Up(X) is a solution of Eq(5), thenU = —Un(—X) is also a solution. Therefore, it is suffi-
cient to consider the cadé, > O (i.e. the case when the antikink is located to the left from the kink). Numerical
solution of Eq.(1) in the form of such antikink—kink pair at a particular moment of time is showRin 2a.
The solution has been performed by means of a pseudospectral code, with time integration in Fourier space
using the Crank—Nicolson scheme for the linear operator and Adams—Bashford scheme for the nonlinear oper-
ator, with periodic boundary conditions and the initial conditions close to the antikink—kink pair. Note that the
antikink—kink pair presented iRig. 2a is moving slowly to the left with a constant speed, as showkign2b (see
below).

The homaoclinic trajectory/h(X) corresponds to the trajectol" (U, ) that has to return to the poibt, along
its two-dimensional stable manifold (sée. 1). This is a codimension 1 event, therefore in the two-dimensional
parameter space,(J) the homoclinic trajectories should exist on a curve (or on a set of curves). Thus, antikink—kink
pairs form aone-parametefamily, and the velocity of a paiw may be viewed a function ok

We shall use a more physically meaningful parametrization of kink—antikink pairs, taking as the basic parameters
thedistance Lbetween the kink centers, i.e. between the points whgpg) = 0. In this case, both parametars
andJ have to be calculated as functionslof

1 The numerical investigation of E¢5) reveals the existence of other isolated heteroclibic (~ U_) solutions withv = 0, J < DA?/2,
which correspond to non-monotonic functiofi¢X). These solutions have never been observed in the simulations of the original p{@éhlem
and they are apparently unstable.

2 Actually, the dynamic systet®) has many homoclinic solutions. Here we discuss a specific family of homoclinic solutions that correspond
to antikink—kink pairs.
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Fig. 2. (a) Numerical solution of Eq1) in the form of an antikink—kink pair (1, antikink; 2, kink), very slowly moving to the left with a
constant speed) = 0.4. (b) Space-time diagram showing numerical solution of(Eyin the form of a uniformly moving antikink—kink pair
(the distance between the kinks is less than that shown in (a)).
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In order to find these functions in the limit of largge we shall use the approach similar to that applieflLB]
for the analysis of the interaction between solitons anfB]rfor the analysis of the interaction between kinks
governed by the Allen—Cahn equation and by standard Cahn—Hilliard equation. We shall construct the solution of
thenonlinearequation(5) as dinear superpositiorof two kink solutions with a certain correction, which is caused
by the nonlinearity and has to be calculated. The solvability conditions for that correction determine the parameters
v andJ (see below).

We expect that at largke the velocity of a kink pair is small, and for the slowly moving pair containing an

antikink, U(—oc) = U, will be close toA = /1 — D/+/2 that corresponds to a sole motionless antiKitik). In
order to match the conditioli(+00) = U, one has to take a kink with the paramdter close toA as well. Thus,
one can construct a solution g518],

U(X) = U1(X) + U2(X) + A + u(X), (15)

whereU1(X) is the negative kink described ¥/1)with Xo = 0, andU»(X) is a representative of the family of kinks
corresponding te = 0, J = DA?/2, with the center located in the poifit= L, andu(X) is a small correction

that includes the difference betwe&n for a kink pair andA selected by the motionless negative kink. Unlike the
antikink, the kink cannot be presented in an analytical form. Note that the asymptotics of the kink solution for large
negativeX — L is determined by the eigenvalu@®) calculated near the critical poibt = —A. The left “tail” of

the kink is characterized by the smallest positive eigenvahie; (A — B)/+/2, and can be written as

U2(X) + A = uz(X) ~ a(D) exple2(X — L)], (16)

where the constamt( D) can be calculated analytically only in the limit of smBl Using the matched asymptotic
expansions, one finds that for <« 1

a(D) ~ —D~/2/2, (17)
(se€[14]). In the general case, the consta@) is found numerically to be negative (see dB)). The numerically
computed functiom(D) is shown inFig. 3.

It is convenient to rewrite Eq5) in the form
D
Uxxx+(U—U3)X—E(UZ—A2)=61+UU, —00 < X < 00, (18)

whereq = —J + DA?/2, which is zero for individual kinks, is expected to be small for a kink pair.
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Fig. 3. The functioru(D) found from numerical data.
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Substitute(15) into Eq.(18) and linearize the latter with respectioAccording to the approach §8,18], we
separately consider the regions around the centers of the left and the right kinks.

Near the left kink & = O(1)) the contribution of the right kink/2(X), is exponentially small. We can replace
the functionUz(X) + A by its asymptotic limitup(X) and linearize Eq(19) also with respect ta,. Taking into
account that:o(X) satisfies the equation:

uxxxx + (1 — 3A2)u2x — DAus> =0,

we obtain the following equation far(X) valid in the regionX = O(1):
fixxx + (L — 3UD)ii]x — DU = g + vU1 + [3(UF — A)uz]x + D(U1 + A)ua. (19)

Recall that the function81(X) andU»(X) are determined by the formulékl)with Xo = 0, and(16), respectively.
The solution of Eq(19) is bounded if its right-hand side is orthogonal to two bounded solutions of the adjoint
problem,

uSxy + (L= 3UAu + DU =0, (20)

that can be found analytically:

¢ 1o SINh(BX/\/2)
u-(X) = cosh@X/+/2) @)
is an odd function, and
¢ o COShBX/v2)
)= oshax/v2) 2

is an even functiod.Taking into account thal/1(X) is an odd function, we obtain two equations that determine
andq as functions of. andD:

+00 +00 o0
v / dXu® Uy +3 / dXu® [(U? — ADuz)x + D / dXu® (Uy + A)up = 0, (23)
—0oQ —0Q —o0
+o00 +o00 +o00
q / dXu§ +3 f dXu$ [(UZ — A®uzlx + D / dXu’ (U1 + A)up = 0. (24)
—00 —00 —00

The integrals in(23) and (24can be calculated analytically. Fro example, the explicit formula for the velocity
of an antikink—kink pairp = v2(D, L), can be written as

va(D, L) = a(D)Ca(D) e *2F, (25)
where

cos@Br/2)[Dv/2 + A%(38 — 1)]
V287 ’

B V2 —-3D
P=a=V-p @7

3 The third linearly independent solution of E&0), ug(X) =1+ D/3(v/2 — D) cosif(AX/+/2), is unbounded and not relevant.

C2(D) =

(26)

and



A. Podolny et al. / Physica D 201 (2005) 291-305 299

0.45 T T T T T T T

L R SR e SRS, SR R SRS Ry S R

i CRURT SO S A LO e ALt BT S

1% 1 RSSO SOUSPRIOOT SRR SO ot 0o SUTROS SRR USSR S

o J ; ‘ ; [ ; g ; ;
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
D

Fig. 4. Dependences of the coefficiedtsandCs on D (see formula§25) and (39).

The coefficieniC»(D) is positive for any values ab (seeFig. 4). In the limit D — 0, C2(D) ~ D/2 + O(D?).
Using the relatior{17) and taking into account thap ~ D/2, one finds that in the limiD « 1, DL > 1,

2
vo(D, L) ~ — (D;/E> exp(—%) ,

that coincides with the result of Watson et f4]. In the limit D — Do = +/2/3, C2(D) ~ v/2/7 — (Do —
D)Y?27Y47x 4 O(Dg — D). As mentioned above, the constaifD) in Eq. (28) cannot generally be found an-
alytically for an arbitraryD and has to be found numerically. We have found ti{#@) < O for anyD < Dy, and
thereforev < 0, i.e. the antikink—kink pair moves to the left (i.e. the antikink is leading). Similarly, using the trans-
formationU — —U, X — —X, one can show that the kink—antikink pair moves with the same velocity to the right
(hence again the antikink is leading).

We have verified Eq(25) by comparing it with the results of numerical computations: (i) computation of a
heteroclinic solution of the ODEL8); and (ii) direct numerical simulation of the motion of an antikink—kink pair
by solving the original PDE1) by means of the pseudospectral code described above. In both cases, we obtained
identical resultsFig. 5shows the comparison between analytical (solid lines) and numerical (stars) values of the
pair velocity calculated for various values bf A space-time diagram showing a moving antikink—kink pair is
presented irfFig. 2b.

Near the center of the right (positive) kink, one obtains the following equation:

fixxx + [(1 — 3U3)ilx — DUz = q + vUz + [3(U2 — A?)ui]x + D(Uz + A)uz, (28)

whereU»(X) is the full solution corresponding to the kink, whilg(X) is the exponential tail of the solutidii (X)
at largeX. It is interesting that E¢(28) provides no additional solvability conditions. The corresponding adjoint
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Fig. 5. Comparison between the velocity of an antikink—kink pair computed b{2Bj(solid lines) and the velocity obtained from numerical
solution of Eq.(1) (squares, stars and crosses) for various valués of

problem,
uSxx + (1 = 3U2)u + DU =0, (29)

has no bounded solutions. Indeed, in the liMit- L — +o0o the solution can be written as
u’(X) = ay €% 4 ap é2X 4 gz,

wherek, 2 3 are the roots of the following characteristic equation:
k3 + (1 —3A%)k + DA = 0. (30)

Eq. (30) has two positive rootss; andky, and one negative rookz. Thus, the bounded solution has to satisfy
two conditionsa; = 0 andaz = 0. However, ifu¢(X) is even with respect t& — L, i.e., generallyu(L) # 0O,
u$ (L) # 0, whileu$ (L) = 0, one has only one fitting parametef,, (L) /u¢(L) (note that Eq(29)is linear) which
is not sufficient to satisfy the two conditions.uf is odd theru“(L) = u§, (L) = 0, u§ # 0, and the solution is
unique up to a constant factor; therefore, one has no fitting parameters at all. Thus, generd#i9) Bgs no
bounded solutions.

The above-mentioned asymmetry between positive and negative kinks, caused by the differences in the manifold
dimensions at infinity, and by the different dimensions of the solutions families, is rather unusual for problems of
the interaction of spatially localized objects. We are not aware of any other similar examples.

4. Kink triplets

In a multikink solution, the motion of a pair of neighboring kinks can be considered isolated until it approaches
the kink to the left (to the right) of the antikink—kink (kink—antikink) pair. In both cases a configuration appears such
that the antikink is located between the two kinks. Numerical solution of Bdn the form of a kink triplet at a
particular moment of time is shown Fig. 6a. The solution has been performed by the same pseudospectral code in
a large domain with periodic boundary conditions and the initial condition close to the kink triplet in the center and
an antikink near the boundary. Fig. 6a only the central part of the domain with the kink triplet is shown. Since the
domain is large, the antikink at the boundary does not affect the behavior of the kink triplet in the center. Because of
the exponentially decaying interaction law, the influence of the third kink becomes significant when the dlstances
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Fig. 6. (a) Numerical solution of Eq1) in the form of a symmetric kink triplet: 0.2, kinks; 1, antikink. The two kinks a moving with a small,
constant speed towards the central, motionless antiltink; 0.4. (b) Space-time diagram showing numerical solution of(EEpin the form of

a symmetric kink triplet in which the two kinks move towards the central antikink and annihilate (the distance between the kinks is less than
that shown in (a)).
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andL + AL between the adjacent kinks are relatively small, = O(1) « L. For the sake of simplicity, later on
we shall consider a symmetric system of kinks where the central antikink (kink # 1) is located near the-pdint
while the two adjacent kinks are located at the points F=L(¢) (kinks # 0 and # 2). We are interested in finding
the instantaneous velocity of the kink #13(L) = dL/dt. Due to the symmetry of the system, thelkk#h 0 moves
with the velocity—v3, and the kink # 1 does not move at all.

Similar to(15), in the vicinity of the central kink the solution is represented as an odd function

A
V2

whereu(x) describes the distortion of the central kink, decaying at largieSince the term&/(x) = Ug(x) +
Uy(x) + u(x) are small, one can linearize Hd.):

u=Ui+Uy+ Us+ii ~ —A tanh —x — a(D) e *20+1)  o(D) e2=1) 4§, (31)

U + [Uxx + (1 = 3UD)U)x — DULD)x = 0. (32)

Since the velocity of the kinks is assumed to be exponentially small, one can omit the term with the time derivative
in the leading order and to integrate E82):

User + [(1 = 3UD)0], — DULT = g, (33)

where the constatis to be found from the condition of solvability of E@3)in the class of odd functions growing
as expkz|x|) (but not faster) at infinity.

Eq. (33) with U1(x) = —A tanh(dx/+/2) is solved analytically. The general odd solution can be presented as
the sum of the general odd solution of the homogeneous equation,

Un = C coshz[3 cosh@z)(A? tantf z — 1) tanhz + B sinh(8z)(1 + 242 — 342 tant? 7)], (34)
wherez = Ax/+/2 andC is an arbitrary constant, and the partial solution of the inhomogeneous problem,
Un(z) = qF(2), (35)

where F(z) = w(z)/ costf z and w(z) can be found in explicit form in terms of hypergeometric and algebraic
functions of a new variablé, = tanhz. For arbitraryC andQ, the asymptotic expression for the solutibx) at
largex contains two exponentially growing terms,

U(x) ~ a1 explerx) + az explex),

wherex1 = (A + B)/v/2, k2 = (A — B)/+/2. For a solution representing the kink taig,~ e %1, gp ~ e 2L,
a1 < ap, and therefore the coefficiest can be neglected in the leading order. This condition determines the relation
betweerC andQ and the final expression far(x).

For largex, the obtained solutiot/(x) has the following asymptotics:

V2r[A%(3+ p?) - 5+ £?
ASB(3— B)(9 — B?)(L — p?) cosp/2)
Matching(36) with the known asymptotics of the kink tail,

U(x) ~ qe2*

(36)

U(x) ~ a(D) e 2L e2*

4 The linearly independent even solutions of the homogeneous problerfiiatecosh?z and 0> = coshz[3 sinh(8z)(A2 tant? z —
1)tanhz + B coshz)(1 + 242 — 3A2 tani? z)]. Note that only one solution of the linearized problefh, is bounded as — +oco, while
the adjoint problenf20) has two bounded solution&1) and (22)
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one finds
L A°B(B— B)(9 — BA)(1 — B?) cosfp/2)
V2r[A2(3+ p?) — 5+ B '

The velocity of the kinks can now be found from the conservation of flux[(s&@. Indeed, Eq(1) can be written
as

q =a(D)e”

(37)

U+ Qy =0, (38)

where

2
O = Uyxx + (Ll - u3)x - DTM

For a kink moving with the velocity, u = u(X), X = x — vt, EqQ. (38) gives the conservation of the quantity

Q — vu. Consider the kink # 2. Obviously, to the left of the kink cenfee= —DA?/2 + g andvu = —vA in the

leading order. The velocity of the kink actually depends on the condition for the flux at infinity. If one assumes that

the flux at infinity isQ = —DA2/2 andvu = vA (which corresponds to matching the kink amplitude to the next

remote antikink), the conservation law gives

DA2+ +vA DA? _ 4
- VA = ——— —vA,
2 2

thereforep = —¢q/(2A). Using(37), one finds the following expression for the velocity= v3(D, L) of the right
kink in the triplet (the left kink has the opposite velocity):

v3(D, L) = a(D)C3(D) e 2k, (39)
where
4 _ _ p2 _ p2
C3(D):Aﬂ(3 B)(9 — B°)(L — p°) cosfrp/2) (40)

27/2[5 — B2 — A2(3+ p?)]

B is defined in(27) anda(D) is the same as in E§25) for the velocity of an antikink—kink pair. The dependence
C3(D) is shown inFig. 4. In the limit D — 0, C3(D) ~ D/2 + O(D?), and we reproduce the result of Watson et
al.[14]:

v3(D, L) ~ va(D, L) ~ —(D?V/2/4) exp(-DL/2),

for D < 1, DL > 1. In the limit D — Dy, C3(D) ~ 3(Dg — D)Y/22=Y47 4+ O(Dg — D). The sign ofvz(D, L)

is negative, that corresponds to the attraction of the positive kinks to the central negative kink. The comparison
between the analytical formu(&9) and the results of the numerical solution of Et) for various values ob is
presented iffrig. 7.

The attraction of two kinks to the central antikink leads to their annihilation and to the transformation of the triplet
into a new kink. The space-time diagram showing the motion and annihilation of two kinks in a triplet, obtained by
the numerical solution of Eq1), is presented ifrig. 6b. The annihilation stage cannot be studied by means of the
asymptotic theory.

For D > Dg, the kinks have oscillatory tails, and stable stationary patterns are formed instead of kirjk8]see
Thus, we do not consider the kink dynamics in this region.
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Fig. 7. Comparison between the velocity of a kink—antikink—kink triplet computed by(Bgsand (40)solid lines) and the velocity obtained
from numerical solution of Eq1) (stars and circles), for various valuesf

5. Conclusions

We have studied the interaction and motion of domain walls (kinks) governed by a convective Cahn—Hilliard
equation(1) that describes phase separation in driven systems. We have considered the case when the driving
parameterD, characterizing the external field or a driving force, can take any value below the criticabone,

Do = +/2/3, above which the kinks have oscillatory tails and the coarsening[dt8p¥Ve have shown that the stable
negative kink (“antikink”) is unique while the positive kinks form a two-parameter family. With the driving parameter
below this critical value and for the case when the distance between the two adjacent kiskarge,L > 1, we

have derived asymptotic formulas for the interaction between the kinks. We have shown that a kink—antikink pair
moves in the direction of the antikink with a constant velocity which is a functidnarfid the driving parameter

D. We have also shown that, as a result of this motion, kink—antikink—kink triplets are formed in which the two
kinks move with the same speed towards the central antikink, finally annihilating and forming a single, larger kink.
This process is the main mechanism of coarsening in a driven phase separating system described by the convecti
Cahn-—Hilliard equation, not only for small driving forch, <« 1 [14], but forany D < Do = +/2/3. Asymptotic
formulas derived for the speed of the kink motion are in excellent agreement with the results of direct numerical
simulation of Eq(1). We have shown that, for anp < Dg the characteristic speed decreases exponentially with

the distance between the kinks. This explains the crossover from the fast coarsening regime to the logarithmically
slow one, that was observed in numerical simulations of the CCH eqUaBband in asymptotic analysis for the

small driving force,D « 1 [14]. Note that the dependence of the kink speed on the distance between the kinks in
CCH equation is different from the case of the standard Cahn—Hilliard equatiorfl(Bgith D = 0) where the
characteristic kink speed decreased.a$ exp (—const- L). Our results show that in any quasi-one-dimensional,
driven phase-separating system, with the driving force less than crifical Do, the rate of the domain coarsening

at sufficiently late stages, whdn>>> 1, will be logarithmically slow.
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